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Stochastic resonance in an asymmetric Schmitt trigger
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The stochastic response of a low-noise asymmetric Schmitt trigger is simulated numerically in the strong-
drive subthreshold regime, where the amplitude of a sinusoidal input component is set large compared to the
intensity of the noise component. The effect of the asymmetry orstihehastic resonancghenomenon is
characterized in terms of both spectral properties and switch time distributions of the trigger output. The
connection between stochastic resonance and synchronization in an asymmetric bistable system is thus as-
sessed on a quantitative bagis1063-651X99)07504-2

PACS numbegps): 05.40.Ca, 85.30.De

. INTRODUCTION =127 (olb)expb?20?), whereas the opposite limit=b
yields To(b) = 7In 2. These analytical predictions far. are
The Schmitt triggefST) [1] provides an ideal playground valid under the linear response theory restrictigh/ o
for both theorists and experimenters grappling with the phe<1, only, as one can verify by replacing with b
nomenon oktochastic resonand&R) [2—-7]. Typically, the T A cosQt+¢) in To[b(1+€)] and, then, expanding in
ST input consists of two components, whose amplitudepowers ofA,. However, experimenters are mostly concerned
greatly depend on the experimental circumstandes:a  with the opposite limitAyb/o?>1, meaning that the periodic
noisy signal with zero mean and finite correlation tini€}  component of the input signal dominates over the device
one or more embedded periodic signals with arbitrary wavenoise, no matter what its souksg[3].
forms. Let us consider for simplicity input signadét) of the In the following we concentrate on the case of a sub-
form threshold ST with §/b)?<A,/b<1 andQr<1. The con-
sequences of such an assumption are twof@)dNonlinear
X(1)=£(t) +Ag cod Qi+ ¢), (1) effects become appreciable, so that the dependence of the
hswitch timesT. on the forcing amplitudéd, is no longer
negligible; (i) The instantaneous switch timés. (t) are
modulated in time with relatively large amplitudg4], as
<§(t)§(o)>2023—\t|/7_ (1.2 proven by the inequality

where £(t) is a zero-mean stationary Gaussian noise wit
intensity (standard deviationo and autocorrelation function

Throughout this worké(t) is assumed to be short-time cor- dT.

related compared with the modulation, that(ls<1. The ma%w~(A0b/02)QTt>1, (1.9
trigger output rests in state—as long as the inp(t) is
smaller than a threshold valug(1+¢€). As x(t) crosses
b(1+¢€) the trigger switchegalmos) instantaneously into
state+ and sits there as long agt)>—b(1—¢€). The ST
output is a dichotomic signal with valuesy,,; in the fol-
lowing y,, is set to one for convenience. The parameter
(with e=0) quantifies the asymmetry of the device and of its
output. Of course, the modulation of the input sigikll)

which holds true throughout the entire parameter domain rel-
evant to SR, but for extremely low frequencies. In our nu-
merical investigation we s&;, o and(} so as to verify the
strong drivecondition (1.4).

Symmetric €=0) subthreshold ST have been investi-
gated extensively3—7] in connection with SR, a phenom-
: " : enon where the amplitude of the output driven component
drives a periodic output compone(g(t)) with the same peaks at a certain value of the noise intensity. As a main

FieflOd_t'Lag 2<Zriﬂt.h Irl _the subt_?rﬁsholdregl_me Ao< tt)(é advantage with respect to the continuous bistable systems
€) Wi 7=, e trigger swiiches are noise-assiSted raNgy e q in the earlier literature, the output of a ST is entirely
dom events that occur with time constan®:(o,e€)

T b1+ ¢ the T to the + stat here th controlled by the switching mechanism, whereas in a con-
t_ olb(1* ?]h rt(_)mé_ i+ gh ::OS a eaw7ere € SPON" tinuous bistable system interwell and intrawell dynamics are
aneous switch timdo(b) wi 0=0 readd7] at times hard to unrav¢R]. For this reason the conclusions

T (b of our investigation are expected to apply to any asymmetric
To(b)= ——— | e“[1+®d(x)]%dx, (1.3 bistable system.
1+P(b)) - In the present work we report and discuss the results of

) o detailed numerical simulations of strongly driven subthresh-
with ®(x)=(2/\7)[§e “dx and b=b/\2¢%. At small  old ST with special focus ofi) the differences between the
noise intensitiesc<<b our result (1.3) approachesTy(b) weak and strong drive limiSec. 1); (ii) the effects of the
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FIG. 1. Spectral peak strengti®n{)) vs noise intensitys/b o/b
for different values ofA/b. Simulation parameterg=0 and(r 0.15 0.20 025
=1.25x 10 2; time and signal scales:==2x10"° s andb=200 L — T . —T
(arbitrary units. [ o v o/b b
asymmetry on the detectability and characterization of SRir T o o,
terms of either output spectral properti&ec. 1)) or appro- i /° O el g
priate switch time distributiongSec. IV); (iii) the synchro- ¢ o
nization mechanism underlying the onset of SR in an asym _ 02 s \. \ 1

metric bistable devicéSec. IV). P~ _ ./ e ©

Il. STRONG-DRIVE SYMMETRIC REGIME =

1 A\
AT

Let us consider first the case of SR in a symmetic (
=0) subthreshold ST driven by a relatively strong periodic
modulation(1.1) with (o/b)2<A,/b<1. In order to explore
the main differences with the better known linear regi@e
Ao/b<(o/b)?<1, we discuss here simulation evidence of
SR according to two alternative schemes, namely, the spec- g, 2. (a) Residence time distributioni;(T) for Qr=1.25
tral and the synchronization-based characterizations. X102, A,/b=0.5, and different values af/b. (b) N;(T) peak
strengths?; andP, vs o/b (atQr=1.25x 10 %) andP; vs Q7 (at
o/b=0.37) fora=0.25 and after background subtraction. The re-

This is the most widespread characterization of the SRNaining parameters are as in Fig. 1.
phenomenori2]. One computes the phase-averaged power
spectral densitys(w) of the system outpug(t) and verifies ) o )
that 5-like spectral peaks appear at integer multiples of the An alternative characterization of SR was proposed in
forcing frequencyt). In the symmetric case a rigorous selec- Ref. [10] by studying the normalized residence time distri-
tion rule allows spectral peaks at ofli multiples, only. In ~ PutionsN,(T). One determinesnumerically or experimen-
Fig. 1 the strength of such peakhat is, the integral of the tally, allke) t_he sequence of_the ?lme_lntervals between con-
relevants-like spectral peaksS(nQ) is plotted versus the Secutive switches in opposite directioAs—* —=: these
noise intensityr at fixed frequency and for increasing values @ré the residence times of the trigger in thestate, respec-
of the amplitudeA,. New interesting spectral properties be- tively. Since in the symmetric case the average residence
come apparenti) All odd spectral peaks exhibit SR behav- Imes in thex state(T.) coincide, here the _reS|dence time
ior and, most notably, the resonance seems to take place f§fduence needs not be sorted out according to the switch
the same value of/b (contrary to the weakly driven case direction. In Fig. 2a) we display an example of such resi-
[8]). (ii) No low noise “shoulder” in the resonance curve of dence time distributionsl,(T) for fixed () but increasingr
S(nQ) versuso is observable, at variance with the results of Values. As discussed in Reffl0] and [2] the profile of -
Ref. [9] for a continuous system. This means that such amN1(T) changes from a multipeaked structure at small noise
effect ought to be ascribed to the intrawell dynanticgally ~ intensity(tightly modulation-driven switchggo an exponen-
absent in the present casgather than to a desynchronization tial background(of random switches through a maximum
mechanisnithe subharmonic “wait loops” of Ref9]). (iii ) sync_hro_nlzann condition charac';erlzed by a single-peaked
The resonance curves &(nQ) versuso seem to scale as distribution. The nth N, peak is centered aff,=(n
(Ag/b)® to compare with the scaling lawAg/c)2" pre-  +1/2)Tq and its strengtfi10]
dicted in linear response theory approximatid)8]: The
noise controlled amplification mechanism grows negligible
in the strong drive regime.

0.0

0.01

A. Spectral characterization

B. Synchronization-based characterization

Tat+aTg
Pn(U,Q)IJ Ny(T)dT,

Tn* C(TQ

n=12,..., (2.1)



3960 F. MARCHESONI, F. APOSTOLICO, AND S. SANTUCCI PRE 59

10" . T T T
E S(29) S 0k _
[ . : o0 ]
- ooz} o 7 . o"... ..“-o n=2 ]
’ / [ 4 .
10° F P ud Y
E E/ \ bd )
F WQ’\ o \.
% * \
. - % ¢ .
~m A L
o @ \.
10-2 3 / \ LY \. E
® Axf‘A bR
A o b4 * [
/ A a |/ v o\
—_ ® / \, & N °
a 3 A A/ %\
2 £ \ bR
& & J 4 N b
10° | \ Y 1
b N 1
: N
: n=3 \ A/A A\ ]
& A
\
= A
“ n \
10 1
" 1 : 1 " 1 ]
0.0 0.2 0.4 0.6

FIG. 3. Spectral peak strengtBén{)) vs the asymmetry param- FIG. 4. Spectral peak strengtBgn{1) vs the asymmetry param-
etere for o/b=0.35, Q7=1.25x10 2, andA,/b=0.2. Time and  etere for ¢/b=0.37, 27=1.25<10 2, andA,/b=0.5. Time and

signal scales are as in Fig. 1. Ins&nQ) vs e for ¢/b=0.31  signal scales are as in Fig. 1.
(lozengey =0.35 (circles, =0.39 (squares The remaining pa-

rameters are unchanged. parametek deserves particular attention. In Figs. 3 and 4 we

. . _ . display S(nQ)) versuse for two values of the forcing ampli-
with 0<a=1/4, exhibits SR behavior both as a function of e and fixed noise intensities. Such noise intensities have
o (at f'XEdQ.) and of(_) (a_t fixedo). The o e_md(_) depen-  peen chosen in order to enhance the main features of the
dence ofP1_|s shown in Fig. 2b). Here(and in Fig. 8, the _ dependence of the curves on display, nam@yS(Q) peaks
random-switch background has been first blown up by taking;; =0, only; the spectral strengt!&nQ) with n>1 show

the logarithm of the residence time distributions and ther‘bne or more peaks for>0. The number of the maxima of
subtracted by means of a standard linear fitting algorithms(nQ) versuse is [(n+1)./2] i.e., the integer part of

The c;hoiqe of the'r/b axis or.igin and the orientation of t.he +1/2[6]. (ii) The peaks of each cun&nQ) versuse attain
logarithmic (17 axis are motivated by purely typographical e maximum at an optimal value of the noise intensity,
reasons. . simultaneously. The optimal noise intensity turns out to be
On anticipating the concluspns of Secs. [l and.IV, W€ the same for all the harmonicg?, with the exception of the
remark that the resonant behaworngl_f(o,.Q) aré a signa-  g,nqamental frequency(). (iii) The fundamental peak
tgre of th? Op“”?a' temporal synchromzauon betv_veen dr“’mgstrengthS(Q) tends to be the most pronounced at a smaller
signal, with periodT,, and switch sequence, with correla- noise intensity. This property of the higher harmonics peak

tion time (T..), which sets in at SR. In view of the scales ¢ .on0ths becomes clearly visible at large ambplituesn-
chosen foro/b andQ 7 in Fig. 2(b), the time constant match- pare gll:ig. 3 to Fig. ¥ y g plitu

ing implied by SR as well as the existence of a maximum We tried to explain the number and the position of the
synchronization distributioM(T) in Fig. 2(@) are apparent. maxima ofS(n(2) (Figs. 3 and #in terms of the synchroni-
Therefore, in the case of a strongly driven subthreshold ST ation scheme of Ref6] (for the weak drive regime see Ref.
the synchronization-based definition of SR is sound botk{g])_ To this purpose we have computed the average resi-
qualitatively and quantitatively—i.e. the criticisms of Ref. dence time<T. ) in the + state for the corresponding values
[11] do not apply. of A, ando (Figs. 5 and & Note that the average residence
times(T..) amount to an explicit computation of the switch
lll. ASYMMETRY AND SPECTRAL PROPERTIES times T.. introduced in Sec. Il. The synchronization argu-
qment of Ref.[6] runs as follows: Thenth coefficient of the
Fourier series of aleterministicasymmetric square wave
a‘é’—ith period T, hits a maximum when

In our model of Sec. | the ST asymmetry is controlle
through the nonnegative parameter The first question,
now, is to assess how asymmetry affects the spectral char
terization of SR. Of course, in the asymmetric regime the
evenpeaks of the output power spectral density are not sup- (THHT)=Tq (3.1
pressed and, as one might expect, their strength exhibits SR
behavior when plotted as a function of the noise intensity
[2,8]. However, the dependence $fn{}) on the asymmetry and
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FIG. 5. Average residence time¢T.) vs e for o/b F'%- 6. Average residence timed.) vs e for Qr=1.25
=0.35, O7=1.25x1072, andAy/b=0 (&), =0.2 (b). Time and X107, AO/b=0.§, ar_1da/b=0.29(a), =0.37(b). Time and sig-
signal scales are as in Fig. 1. nal scales are as in Fig. 1.
4 and 6, where condition@.1) and(3.2) are more likely to
(T+) __m (3.2 apply. The maxima ofS(n{) with n>1 versuse are the
(T-) 2n—-m’ most prominent at one optimal noise intensity, substantially

larger than the optimal noise intensity f§¢(()). The corre-
wherem is odd and Ems=n. In condition(3.1) synchroni-  sponding residence timdd ) at the optimalo values for
zation is assumed ar(d .. ) are taken as the time duration of n=0 andn>1 are plotted in Fig. 6. The position of the
the positive/negative mode of the square wave. Conditiofnaxima ofS(nf) displayed in Fig. 4 is closely determined
(3.2) is a trigonometric consequence of the synchronizatiorhy condition(3.2), whereas(T_ )+(T_) is indeed constant
requirement3.1). For thestochasticoutput of a subthreshold - throughout thee range of interestwithin the statistical ac-
noisy ST, the solutions of Eq¢3.1) and (3.2) have been cyracy of our simulation but appreciably smaller thah, .

advocated to locate the maxima$(n(1) in the (o,€) plane In conclusion, the trigonometric conditidB.2) holds true
(6. _ . under the weaker constraint that

The picture that emerges from our simulation study agrees
only in part with the argument of Ref6]. First of all, we (T4)+(T_)=const. 3.3

confirm that the trigonometric conditio{3.2) seems to pre-
dict well the numbef(n+ 1)/2] of the maxima of the curves
S(n()) versuse. As far as the position of the maxima on the ). */% . )
€ axis is concerned, conditiai3.2) works better and better at noise Intensity .Of the maxima &(n2) VErsuSe, yvhgreas
increasingly large forcing amplitudes and more accuratel)}he tr|.gon(_)metr|c conc_i|_t|orﬁ3.2) at the optlmgl noise Inten-
for the maxima at lowe values. The readers can verify for Sity pinpoints the position of th&(n{2) maxima on thee
themselves the above statements by collating Figs. 3—-6. T is. Conditions(3.1) and(3.3) seem to ref‘der quite closel_y
validity of the synchronization conditiof8.1) is more dubi- e'results of our numerical simulation in the strong drive
ous. It holds good for the maximum &{(}) at e=0 and regime.
only for large forcing amplitude$compare Figs. ®) and

6(a)]. Note that forn=1 ande=0 the trigonometric condi-

tion is automatically satisfied due to the reflection symmetry We try, now, to characterize SR in terms of residence
of the outputy(t). Now, let us restrict our discussion to Figs. time distributions. In the asymmetric cablg(T) should be

The differential version of condition(3.3) at =0,
d(T,)/de|o=d(T_)/del|, yields an estimate for the optimal

IV. RESIDENCE TIME DISTRIBUTIONS
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FIG. 7. Residence tim&\l.(T) and return time distributions ot
N,(T) for Q7=1.25x10 2, Aq/b=0.5, e=0.2 and different val-
ues ofa/b. Time and signal scales are as in Fig. 1. FIG. 8. N,(T) peak strength$#, andP, vs a/b (at Q7=1.25

x1072) and vs Q7 (at o/b=0.30) for «=0.5 and after back-
replaced by a distributiol (T) for the residence times in ground subtraction. The remaining parameters are as in Fig. 7. In-
the state+ and a distributiorN_(T) for the residence times set: position of the the first peak df. (T) vs € at 0/b=0.37. The
in the state—, with N, (T)#N_(T) for €#0. It follows remaining parameters are as in Fig. 7.
that, as pointed out by Juri@,12], the synchronization cri-

terion of Sec. II B cannot be carried over to the asymmetriay,(T) [13,14]: here, the time interval denotes the time

case without modification. separation between two subsequent switches in the same di-

Let us discuss first our results for the symmetric Cas§action (say, from state- to state+). The choice of the
displayed in Fig. f). We verified that the maxima of the switch direction is statistically immaterial, even for an asym-

resonance curves &, andP, versusa/b correspond to the metric device. Moreover, two subsequent switches in one

synchronization condition§T..)=(1/2)T, for P, [see also  giraction are always separated by one switch in the opposite

Fig. 6@)] and (T.)=(3/2)T for P,. Analogously, the gaction(say, from statet to state—). No surprise that the
curve of P, versus() r peaks at a forcing frequency such that peaks ofN,(T) in Fig. 7 are centered aT,, and thaiN,(T),

Ta=2(T.). The interpretation of these results is detailed iny,, o\ olves from a multipeaked structure for low noise in-
Refs. [.10] and[2]: due to the forcing action Of. the input tensities(high forcing frequencigsto the superposition of a
periodic component, the ST tends to reside in either state fog ) i< peak aff,, and an exponential background for
time intervals of the order ofr(+1/2)Tq ; thenth peak of o \atively large noise intensitiedow forcing frequencies
the N(T) distributions attains its maximum strength when 1 gnset of two additional peaks in correspondence with the
(nfl/l)Ta and(T.) come close to one another, hence thegj peaks ofN-(T) (only one in the symmetric cagels a
maxima ofP, versus botho/b and Q7. , peculiarity of all bistable devices; since it shows up at noise

_For =0 the distributionsN..(T) coincide wWithNy(T);  intensities well above the relevant SR range, we leave the
this is not the case foe+0, as clearly shown in Fig. 7. The jnyestigation of this property of the return time distributions
properties ofN..(T) can be easily explained, at least quali- (ynnoticed in the earlier literatufd3,14) to a forthcoming
tatively: , . publication.

(i) On increasing the asymmetry parameterthe first It follows immediately from the preceding discussion that
peak ofN.(T) shifts to the left and to the right, respectively. e synchronization-based characterization of SR can be car-

The distance between the first peakMf(T) andN.(T)  ried out consistently in terms dfi,(T), as well. Here, the
increases linearly withe (inset Fig. 8. This is an obvious iy peak strength is defined by

consequence of the fact that fer-0 the switches from state
+ to state— are anticipated with respect to the switches in
the opposite direction(ii) Adjacent peaks ofN. (T) are
separated by a constant interval of the ordeT gf as is the
case fore=0. In other words the peak structuresNf (T)
shift rigidly in opposite directions(iii) The peak structures
of N.(T) change with varying the noise intensity and/or thewith T,=nTg and 0O<a=<1/2. In Fig. 8 we display th&\,
forcing frequency in a fashion that closely resembles the SReak strength®, and P, against the noise intensity at fixed
behavior ofN4(T) in the symmetric case; however, the reso-forcing frequency, and vice versa, fer0.2. The maxima of
nant synchronizations ¢ (T) occur for different values of the curves thus obtained correspond to the synchronization
o/b andQ . condition(T ) +(T_)=Tgq for Py and (T, )+(T_)=2T,
Property(iii) of N..(T) makes the synchronization crite- for P,, as expected.
rion of Sec. II B untenable for an asymmetric ST. To avoid Finally, we verified that the synchronization criterion of
such a difficulty we make use of theturn timedistribution  this section applies well to forcing amplitudag/b as small

Tat+aTg
Pn(O',Q)If No(T)dT, n=1,2,..., (4.1

Tn* C(TQ
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T T V. CONCLUSIONS
12 ]'\“ —o— 028 The study of an asymmetric subthreshold Schmitt trigger
—v— 0.30 driven by a sinusoidal signal with amplitudey much larger
—=— 0303 than any internal noise intensity, that is (o/b)2<A,/b
1.0 . —2&— 031  ~ <1, allowed us to underline the role of synchronization as a
_ —o— 034 | key mechanism in the SR phenomenology. In particular, we
—o— 0.40 have shown the following.
0.8 - - (i) The residence time distributiomé;(T) provide a reli-
able characterization of SR in a strongly driven symmetric
= device, at variance with claims to the contrddyl]. Each
~, 06k N N.(T) peak strengthP,, exhibits a SR maximum both as a
= ::V\V — function of the noise intensity and the forcing frequency
' -\.Q:i:i;_;;ﬁ;gf—:gf—:ﬁ Q, according to the synchronization conditi@i.)=(n
04 S_—A—A\A__—A—"A/ — oA + 1/2)T“ .
e (ii) The output spectral power densities of an asymmetric
o © device shows-like peaks at the even harmonics, too. The
—< hs of the spectral peagnQ) with n>1 bear[(n
02 b oo i strengt _ p p
P +1)/2] maxima versus the asymmetry parameteaccord-
~O’o,,o/O/O/o ing to the trigonometric conditiori3.2). The optimal syn-
—° . ' chronization condition3.1) proposed in Ref[6] has been
080 ' 02 ' 04 replaced by the weaker condition th@f_ )+ (T_) is (al-

mos}) independent ot.

(iii) The return time distributiondl,(T) yield an alterna-
tive characterization of SR in an asymmetric device. The
resonance condition for theth N, peak strength reads
(T,)+{(T_)=nTq,. The choice of the return time as the
most significant switch time allowed us to circumvent the
as (#/b)?, that is to any asymmetric subthreshold ST in thetéchnical diff@cuI'Fies that migh't _r(_estrict the applicability of
regime of strong drive. Moreover, the synchronizationthe synchronization-based definition of SR to symmetric sys-
mechanism underlying SR is revealed by theand Q) de-  €MS, only. _ _ _
pendence of the return time distributioNs(T) more effec- ‘Finally, the scaling law of Fig. 1 proves that in the strong
tively, i.e., over a wider amplitude range, than by the corre-drve regime the synchronization mechanism gets enhanced
sponding spectral properties of the peak streng(in€)). As ~ OVer the signal amphﬂcagon mechamsm, Wh!Ch, mdeed,
an important difference with the weak drive casg/b c_:ontrols the onset of SR in W_eakl_y driven devidge., in
<(o/b)><1, we remark that the average residence timediNear response theory approximation
(T.) that enter our synchronization conditions #&nenlin-
ean functions of the forcing amplitude, at variance with the
linear response theory prescription, that for vanishingly The work was supported in part by the Istituto Nazionale
small modulations the relaxation time constants are noiseli Fisica NucleareVIRGO Projeci. The authors wish to
controlled, only. The dependence(dt..) on A, for different  thank A. R. Bulsara, L. Gammaitoni, and P. Jung for stimu-
values of the noise intensity is shown in Fig. 9. lating discussions and helpful advice.

A,/b
FIG. 9. Average residence timé3..) as a function ofA, for

different values ofr/b ande=0. The remaining simulation param-
eters are as in Fig. 1.
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